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Fig. 3 Variation of critical load with parameter a.

Finally, to investigate the influence of motion-dependency
parameters a and /? on the magnitude of critical load, we now
consider two particular cases of interest 1) /? = 1, a free to vary.
The variation of critical load with parameter a, for this case is
plotted in Fig. 3 (solid curves) in which the respective domain
of stability criteria is also shown. As an interesting point it is
observed that for the subsequent end force (/? = 1), the inter-
mediate force acting through the subtangency a can be considered
as a stabilizing agent for certain values of a, shown in this figure.
For the sake of comparison, the results of the particular case of
constant directional vertical loading (ft = 0.0), which correspond
to a conservative force field, are also plotted in this figure. In
the latter case the static stability analysis is applicable throughout
the whole region. 2) a = 1, /? free to vary. In this case the
variation of the critical force with parameter /? in accordance
with the static and kinetic criteria is

2(1-0
0.556,

and
11/2

(8)

(9)

As noted, Eqs. (8) and (9) are exactly the same as the ones
obtained in Ref. 4 for the case of subtangential end loading of
the column. In other words, as intuitively expected, a follower
state of intermediate loading would have no effect on the stability
characteristics of the system.
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Boundary-Layer Transition
Comparisons in Shock-Induced Flows

JERRY LEE HALL*
Iowa State University, Ames, Iowa

Introduction

methods of ascertaining boundary-layer transition in
JL shock-induced flows are compared in this study: 1) a surface

temperature technique using thin-film resistance thermometers;
2) a heat-flux technique using thin-film resistance thermometer
recordings and an appropriate relation to convert from surface-
temperature histories to heat-flux histories; and 3) schlieren
photography of boundary-layer transition. Two shock tubes were
used to generate the shock-wave induced boundary layers in
order to perform the comparisons. Comparisons are made on
the basis of bias introduced into the determination of transition
Reynolds number.

The boundary layers in this study are those which develop in
two-dimensional unsteady flow over a flat surface (shock tube
wall). The governing relations for this flow are given by Mirels1

and are, with the exception of the boundary condition of finite
wall velocity, the typical2'3 laminar boundary-layer equations.
Comparisons in this study are made on the basis of transition
Reynolds number as given in Ref. 1. The transition distances
or times used to determine transition Reynolds numbers in this
study were taken as those conventionally obtained from each of
the three techniques for ascertaining transition.

Shock-Tube Facilities

The equipment used in this study consisted of two cold-gas-
driven shock-tube facilities, thin-film resistance thermometers
with their associated instrumentation and a schlieren photo-
graphic system.

Data for comparison of the surface-temperature technique
with the heat-flux technique were obtained from a shock tube
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Fig. 1 Comparison of thin-film and heat-flux transition Reynolds
numbers.

(shock tube No. 1) consisting of a cylindrical stainless steel
driver section of 78 mm internal diam and 1177 mm long. The
driven section, except for the test section, was constructed of
reinforced waveguide tubing with a 37 x 74 mm rectangular
internal cross section and a length of 3600 mm. Transition data
was obtained from a thin film located 182 mm from the down-
stream end of this shock tube.

Data for comparison of the surface temperature technique
with the schlieren technique was obtained from a shock tube
(shock tube No. 2) consisting of a cylindrical driver section of
178 mm internal diam and 1829 mm long. The driven section
was constructed of aluminum plates with a 76 x 152 mm rect-
angular internal cross section and a length of 9144 mm. Tran-
sition data with this shock tube were obtained from both a
schlieren system and a thin-film located 203 mm from its down-
stream end.

Range of the Experiments

For each shock tube, the freestream flow properties were
varied by selecting initial test-gas pressures (px) from 5-50 torr
and by controlling shock-wave strength through selection of
different thickness of Mylar diaphragms. In this way a continuum
gas-dynamic flow was generated with freestream pressures
ranging from 100-1100 torr and shock wave Mach numbers
from 3.0-5.5. These ranges of pressure and Mach number kept
the freestream temperatures between 900 and 2100°K. The shock-
tube driver gas was rjelium and the test gas was nitrogen for
these experiments. Helium was required as a driver gas in order
to attain the desired pressures, temperatures, and Mach numbers.

Transition Measurements

Contact Surface Limitation
The transition times or distances used in this study to deter-

mine transition Reynolds numbers were all obtained under care-
fully monitored conditions where there was no possibility of the
interface (contact surface) preceding transition of the boundary
layer. Also, for verification, the schlieren photographs of this
study would have shown evidence of this contact surface had
it been present. The field of view of this schlieren system was
approximately 15 cm wide, and transition occurred within a
few centimeters after the incident shock wave. Thus, the transition
times in these experiments are much less than shock-tube testing
times (interface arrival), which precludes this effect from causing
transition. The transition regime periods for these experiments
were all less than 160 /isec.

Thin-Film Techniques
Platinum thin-film resistance thermometers were used to

obtain surface-temperature histories and transition data accord-
ing to established techniques.4'5 Description of the construction

and use of such thin-film resistance thermometers is contained
in existing literature.6'7 In these experiments, thin films were
flush mounted in the wall of the shock-tube test section allowing
measurements of shock-wave velocity as well as surface-
temperature history. The transition for this technique was taken
when the thin films indicated a departure from the characteristic
constant wall temperature such as is indicative of a laminar
shock induced boundary layer.4

Heat-Transfer Technique
Surface heat-transfer rates are calculated from surface-

temperature histories via oscilloscope recordings of output
voltage signals from thin-film resistance thermometers.8 This
technique is different from others using thin-film resistance
thermometers, because heat-transfer rate history is used to deter-
mine transition rather than surface-temperature history. The
advantage of using heat-transfer rate is that it depends on tem-
perature gradient at the surface and is therefore more sensitive
than temperature level. This is extremely important when the
thin-film output does not indicate a sudden temperature change
at transition but instead a monotonically increasing temperature
change. With this condition, using temperature level to determine
transition may not be sensitive enough to give unbiased transition
points compared to the heat-transfer technique. Furthermore,
the heat-transfer technique shows the entire transition process.

Schlieren Technique
Transition distances obtained from schlieren photographs are

converted to appropriate transition times for comparison with
corresponding transition times obtained from thin-film record-
ings during the same experimental run. Transition distances by
this technique are taken when the first departure from a laminar
layer is observed.

Results

Heat Flux Comparison
Figure 1 is a comparison of transition Reynolds numbers

obtained by the heat-flux technique with those obtained simul-
taneously from thin-film recordings. Study of this figure reveals
the heat-flux technique to generally yield smaller transition times
than the thin-film recordings for the same experimental run.
This general bias plus random error (data scatter) is no larger
than 20% for this data. Note in this figure that the scatter is
indicative of random error in the measurements and should
occur about a line of unity slope (equal scales on both axes) if
there is no bias in the methods being compared. With bias the
scatter will occur about a line whose slope is indicative of the
amount of bias. A least-square curve fit of the data in Fig. 1
yields a line of slope 0.94 + 0.02 at the 95% confidence level.
Thus, there is a 6% bias in obtaining transition times by one
technique as compared to another.
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Fig. 2 Comparison of thin-film and schlieren transition Reynolds
numbers.
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Fig. 3 Comparison of transition data with previous literature.

It is important to emphasize that this bias occurs regardless
of the magnitude of the random error. When the random error
is relatively large the bias tends to be obscured. But when the
random error is relatively small the bias becomes evident and
emphasizes the need for care in selection of instrumentation
and data reduction procedures.

Schlieren Comparison
Figure 2 is a comparison of transition times obtained from

schlieren photographs with those obtained simultaneously from
thin-film recordings. This figure reveals the schlieren technique
to generally yield lower transition times than the thin-film
recordings for the same experimental run. In this case the bias
plus random error (data scatter) is a maximum of about 50%.
The least square line fitting this data has a slope of 0.84 + 0.06
with 95% confidence. Thus, the bias is about 16% in this case.
The additional scatter in the data is caused by difficulty in
reading or determining transition from the schlieren photo-
graphs.

Comparison with Previous Literature
Figure 3 is a comparison of the thin-film transition data from

these experiments with a summary of earlier transition data
presented by Harturian, Russo, and Marrone.5 The cross-hatched
portion of Fig. 3 shows both the range and scatter of the data
presented in Ref. 5. Different symbols are used to represent the
data from each shock-tube facility used in these experiments.
Figure 3 shows good agreement of transition data through
transition Reynolds numbers of 106.

An apparent transition reversal is noted in Fig. 3 where, from
shock tube No. 2, at a lower freestream temperature (smaller
heat flux to the wall) the transition Reynolds numbers are
extended to above values available for comparison with existing
literature as well as those obtained in shock tube No. 1. This
effect is well known to exist in conventional steady flow boundary
layers but has only been reported in the literature8 for shock
induced boundary layers where heat flux has been incident on
the boundary layer from combustion reactions occurring in the
mainstream. Some difference in transition Reynolds number from
each shock tube should be expected between these facilities
because of uncontrolled factors in these experiments such as
freestream turbulence, surface roughness, three-dimensional
effects, and shock tube size.3'9 Even though these differences are
not quantified in these experiments the data from shock tube
No. 1 compares well with the data of Ref. 5 which was obtained
from a variety of facilities where, in some cases, the experimental
conditions were carefully controlled. Thus, since the differences
noted in Fig. 3 are larger than the possible uncertainties in the
data, this reversal effect is believed to be real and is reported
herein for your consideration.
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I. Introduction

THIS paper deals with the determination of a class of minimum-
length axisymmetric Laval nozzles, which are compared to

the simple conical type, emphasizing the extra length needed
to ensure uniform flow conditions. Submission of the paper has
been prompted by the publication of Ref. 1; in fact, most of the
following results have been obtained (and applied) over ten
years ago, including the derivation of the hodograph equation
for axisymmetric source flow, Eq. (4), but were left dormant
in a journal of limited circulation.2

II. Basic Equations
Referring to Fig. 1, consider a spherical source flow, which

is supersonic at distances r greater than the critical radius rc.
Writing that the mass flow m is constant at any distance:

4nr2pV — m = const (1)
one obtains readily (see, e.g., Ref. 3, p. 372):

I / 2 \ ( v + l ) / 2 ( - ; - l )

#2 = (r/rc)2=- ---+M2 (2)
M \ y + l /

Now, along a characteristic line BB' of this source flow, the
velocity vector makes an angle n = arc sin (1/M) with the local
tangent. Therefore, one has:

rd6/dr= -tgn= -1/(M2-1)1/2 (3)
But the ratio dr/r may be obtained by differentiating

Eq. (2). After integration of Eq. (3) the following fundamental
formula results:
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